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Abstract

Dynamic plastic response of a free–free beam floating on water subjected to an underwater explosion bubble is

studied in this paper. A detailed fluid–structure analysis is presented to find the fluid force acting on the beam.

Assuming the beam is made from rigid, perfectly plastic material, we obtain the hydroplastic equations governing the

dynamic plastic deflection of such a beam. The equations can be easily solved using the Runge–Kutta method.

Examples are given to discuss the features of the dynamic plastic response. It is observed that longer beams

sustain larger plastic deformations than shorter beams, but shorter beams undergo larger rigid-body motion than

longer beams.

r 2004 Elsevier Ltd. All rights reserved.
1. Introduction

Fluid–structure interaction has always been an important part for ship structural analysis. The significant

fluid–structure effect on ship dynamics was first realized about 70 years ago when Lewis (1929) successfully explained

the big differences in natural frequencies obtained from live tests and predicted from a dry hull model. Since then,

fluid–structure interaction has played an important role in prediction of ship hull vibrations (Lamb, 1932; Landweber,

1967; Vorus and Hylarides, 1981; Daidola, 1984), ship dynamic deformations in waves (Aksu and Temarel, 1991; Wu

and Moan, 1996; Xia and Wang, 1997; Hermundstad et al., 1999) and ship slamming (Korobkin, 1996; Faltinsen,

1997). As the name suggests, hydroelasticity is the right theory to describe these interactions. Hydroelasticity is

currently an active research field, and the latest development may be found in the recent special issue of Journal of

Fluids and Structures on marine hydroelasticity (Eatock and Ohkusu, 2000).

Another important fluid–structure interaction effect is dynamic response of a ship hull girder to underwater

explosion. An explosion is a chemical reaction in a substance that converts the original explosive material into a gas at

very high temperature and pressure. The reacted gas sphere interacts with the surrounding fluid in two different phases.

The first is a transient shock wave, which causes a rapid rise in the fluid velocity, and large inertial loading. The peak

pressure of this phase is very high (of the order of 108 Pa), but its duration is extremely short (of the order of

millisecond). The second phase in the explosion is a radial pulsation of the gas sphere. The water in the immediate

region of the gas sphere, or ‘‘gas bubble’’ as it is usually called, has a large outward velocity and the diameter of the
e front matter r 2004 Elsevier Ltd. All rights reserved.

uidstructs.2004.08.003

1 847 07694; fax: +86 411 847 07337.

ess: zongzhi@dlut.edu.cn (Z. Zong).

www.elsevier.nl/locate/jnlabr/yjfls


ARTICLE IN PRESS
Z. Zong / Journal of Fluids and Structures 20 (2005) 359–372360
bubble increases rapidly. The expansion continues for a relatively long time, the internal gas pressure decreases

gradually, but the motion persists because of the inertia of the outward flowing water. The gas pressure at later times

falls below the equilibrium value determined by atmospheric plus hydrostatic pressures. The pressure defect brings the

outward flow to a stop, and the boundary of the bubble begins to contract at an increasing rate. The inward motion

continues until the inside compressed gas acts as a powerful check (stopper) to reverse the motion abruptly. The inertia

of the water together with the elastic properties of the gas and water provide the necessary conditions for an oscillating

system, and the bubble does in fact undergo repeated cycles of expansion and contraction. In reality, oscillations of a

physical bubble can persist for a number of cycles, ten or more such oscillations having been detected in some cases.

Compared with the shock wave in the first phase, this phase is characterized by lower peak pressure (about 10–20

percent of that of the shock wave) and much longer duration (about 100–1000 times of that of shock wave). In an

underwater explosion, we must consider these two types of loads: shock wave and bubble pulse. Because of their quite

different time scales, they are usually analysed separately (Cole, 1962).

Although the pressure produced by a shock is very high, shock effects on the global strength of the hull girder are

surprisingly small due to their very short duration (Cole, 1962). The shock effects on structures are characterized by

local damage like plating dishing. The bubble behind an explosion, however, has great impact on the global strength of

the hull girder due to the fact that the pulse duration of an underwater explosion bubble (of the order 0.1 s) is often close

to the lower-frequency vibration modes of a typical ship (of the order several Hz to several tens of Hz). Thus, the

induced vibration can easily be so severe that the hull girder fails and a plastic hinge is formed at the point of failure as

schematically shown in Fig. 1. This type of failure was repeatedly observed during wartime and live tests. Clear and

beautiful photographic records can be found in Keil (1961) and Hicks (1986). The present paper is concerned with

global strength of a hull girder, and thus the shock effects are not considered herein. We focus on bubble–hull

interaction.

There is a hydroelastic theory (Hicks, 1986; Smiljanic et al., 1994) on the elastodynamic responses of a hull girder to

an underwater bubble, and commercial software based on the theory is also available (Deruntz, 1989). The cases of

most interest, however, are those in which the structure under consideration is stressed beyond its elastic limit and

permanent plastic deformation (explosion damage) results, which may become so large that the structure thins to the

point of rupture. Explosion damage has been of a major concern in naval engineering since World War I. The present

paper aims at developing a model of dynamic plastic response of a hull girder to an underwater bubble. We use a similar

word, hydroplastic, to cater for such analysis.

To simplify the problem as much as possible without losing essential features, we consider a uniform beam freely

floating on water. A detailed fluid–structure interaction is presented. Based on the assumption that the beam is made

from rigid, perfectly plastic material, the hydroplastic equations governing the dynamic plastic response of the beam to

an underwater bubble are given. The equations are solved using the fourth-order Runge–Kutta method. The motion of
Fig. 1. Plastic deformation of a hull girder under underwater bubble.
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the beam is characterized by three phases. The first phase is rigid-body motion while the moment inside the beam builds

up. When the moment exceeds the limiting (collapsing) moment of the beam, a plastic hinge is formed and plastic

deformation (the second phase) begins. As the bubble loading dies away, plastic deformation ceases after it attains its

maximum. A permanent deformation, or damage, is then formed in the structure. Then comes the third phase, that is

again rigid-body motion. Dependence of permanent plastic deformation, or damage, on structural geometry and bubble

location is investigated through parametric studies. It is concluded from the present study that longer beams suffer

larger permanent plastic deformations than shorter beams. The analysis provides a reference for explosion-

proofing design.
2. Problem formulation and solution

To facilitate the derivations, we first consider a uniform free–free beam of circular section subjected to a pulsating gas

bubble as shown in Fig. 2. We will see later that the assumption of a circular section can be easily removed. Suppose the

radius of the beam is Rc. The limiting moment of the beam section is M0. The beam length is 2L with free–free supports

at both ends. Two coordinate systems Oxyz and Ox0y0z0 are used as shown in Fig. 3, with the origin of the former

located at the beam centre and the origin of the latter located at the bubble centre. Note that axes x and x0are parallel to

the axis of the beam, positive in the bow direction. The deflection of the beam, including rigid-body motion and plastic

deformation, is described by w(x,t), and the fluid force acting on the beam per unit length is f(x,t). It is our purpose in

the next sections to find both f(x,t) and w(x,t).

It is first assumed that the fluid is inviscid and incompressible. Then there exists a potential F satisfying the Laplace

equation. It is further assumed that the beam radius is much smaller than the distance from the bubble centre to the

beam centre (the stand-off distance). That is, R0=R151; where R1 is the stand-off distance. Hence the fluid domain is

decomposed into two subdomains: one is Db near the bubble, and far away from the beam, and the other is Dp near the

beam and far away from the bubble. We may write F ¼ jb þ jp; where jb denotes the potential purely produced by the

bubble, and jp denotes all other effects due to the presence of the beam. The main disturbance in the fluid is produced

by the bubble, from which comes our third assumption: in Db: jb is much greater than jp; i.e., jbbjp; and in Dp, jbis

of same order as jp; i.e., OðjbÞ ¼ OðjpÞ: The solution to F can then be found through solving for the two potentials jb

and jp: This method is somewhat like the matched asymptotic expansion method in asymptotic analysis. The fourth

assumption is that the beam is slender, i.e., � ¼ Rc=L51: By using the fourth assumption, a three-dimensional flow is

locally approximated by a two-dimensional flow.

2.1. Bubble dynamics (in Db)

In the domain Db, consider an underwater gas bubble, whose radius and pressure at any time are BðtÞ and PðtÞ: The
initial radius B0and pressure P0 are supposed given. They are determined by the parameters of the explosion. In this

domain, F � jbðx
0; y0; z0; tÞ from our third assumption, and jb satisfies Laplace equation and the boundary conditions

on the bubble surface

r2jb ¼
@2jb

@x02
þ
@2jb

@y02
þ

@2jb

@z02
¼ 0; (1)
Bubble loading 

W0 + W1

Fig. 2. Simplified beam model.
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Fig. 3. Decomposition of the flow field into two parts: (a) flow field near the bubble and (b) flow field near the beam.
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@jb

@t
¼ �

Pg

r0
�
1

2
jrjbj

2 þ gR0 at r0 ¼ B; (2)

dB
dt

¼
@jb

@r0
at r0 ¼ B: (3)

On the free surface, the potential should vanish; and at infinity the velocity should also vanish. Thus we have

jrjbj ! 0 at infinity; (4)

jb ¼ 0 at the free surface ðz0 ¼ R0Þ; (5)

where Pg is the pressure inside the bubble, R0 is charge depth (submergence) in absolute value, g is gravity acceleration

and r0 is water density. Eq. (5) representing the free surface condition implies that all fluid particles on the free surface

have only vertical velocities. It is a high-frequency limit form of the exact free surface conditions (Newman, 1978;

Korobkin, 1996).
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Inside the bubble, the gas is assumed ideal, and the pressure is uniform. Then we have

Pg

P0
¼

4=3pB30
4=3pB3

� �g

¼
B0
B

� �3g

; g ¼ 1:4: (6)

If the free surface condition (5) is not considered, the solution to Eqs. (1)–(4) is a point source with time-dependent

strength q(t) located at the centre of the bubble of the following form:

jb ¼
qðtÞ

r0
: (7)

Substituting Eqs. (6) and (7) into Eqs. (2) and (3), we obtain

dq

dt
¼ �

BP0

r0

B0
B

� �3g

�
q2

2B2
þ gBR0; (8)

dB
dt

¼ �
q

B2
; (9)

qðtÞ ¼ �z2 _B: (10)

Eqs. (8) and (9) are nonlinear, and can be numerically integrated using the Runge–Kutta method once the initial

conditions are given. Its solutions are two time-dependent functions q(t) and zðtÞ:
To cater for the free-surface effect, we apply the method of images by placing a point sink with same strength q(t)

at the image position above the free surface. The potential satisfying Eqs. (1)–(6) is then given by (White, 1979;

Newman, 1978)

jb ¼ qðtÞ
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x02 þ y02 þ ðz0 � R0Þ
2

q �
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x02 þ y02 þ ðz0 þ R0Þ
2

q
2
64

3
75: (11)
2.2. Fluid force on the beam (in Dp)

Introducing the following nondimensional equations in domain Dp,

x̄ ¼
x

L
; ȳ ¼

y

Rc

; z̄ ¼
z

Rc

; (12)

we have

@F
@x

¼
1

L

@F
@x̄

;
@F
@y

¼
1

Rc

@F
@ȳ

;
@F
@z

¼
1

Rc

@F
@z̄

: (13)

Because � ¼ Rc=L51 and the derivatives with respect to the nondimensional quantities are of the same order, the above

equations indicate that

@F
@x

5
@F
@y

;
@F
@z

� �
;

@2F
@x2

5
@2F
@y2

;
@2F
@z2

� �
: (14)

Thus, in the fluid domain near the beam, the three-dimensional flow is locally approximated by a two-dimensional one,

as sketched in Fig. 3. This treatment is in fact similar to the strip method (Newman, 1978). Moreover, from the fourth

assumption, we conclude that ðy; zÞ5R1 in the domain Dp. Or, equivalently, ðy; zÞ5R0: Then jbtakes the following

asymptotic form in Dp:

jb ¼
qffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðz þ R0Þ
2
þ y2 þ x2

q �
qffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðz � R0Þ
2
þ y2 þ x2

q �
qffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

R2
0 þ x2

q 1�
2zR0

R2
0 þ x2

 !
; (15a)

@jb

@z
� �

2qR0

ðR2
0 þ x2Þ

3=2
¼ n: (15b)
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With such approximations, we obtain

r2F ¼
@2F
@y2

þ
@2F
@z2

¼ 0 in Dp; (16a)

@F
@r

¼
@w

@t
cos y at r ¼ Rc: (16b)

@F
@r

¼ 0 at infinity; (16c)

F ¼ 0 at the free surface ðz ¼ 0Þ; (16d)

where y is the angle between the normal vector and the horizontal axis. Eq. (16b) is the body surface condition,

stating that the normal velocity of a fluid particle on the body surface must be equal to the normal velocity of the

body surface. It is also called the impermeability body surface condition (Newman, 1978). To account for the

free-surface effect required by Eq. (16d), the method of images is used again. The semi-infinite flow in the presence of

the free surface is replaced by an infinite flow in the presence of the underwater body of the beam plus its image body

above the free surface, as shown in Fig. 3. Suppose the submergence of the circular beam is its radius, then the

equivalent flow in the absence of the free surface is an infinite flow past a circle Newman (1978). Then the free-surface

condition is omitted with the understanding that the free-surface effect is replaced by an underwater body plus its image

above the water.

Because jb is known, the above equations uniquely determine jp: We may further write the total potential F in

the form

F ¼ jb þ jD þ jR;

where jD is the diffraction flow field induced by the beam free of any deformations, thus satisfying

r2jD ¼ 0 in Dp; (17a)

@jD

@r
¼

@jb

@t
¼ �n cos y at r ¼ Rc: (17b)

jrjDj ! 0 at infinity: (17c)

The solution to the above problem is well-known to be of the form

jD ¼ n
R2

c

r
cos y: (18)

Also, jR is the radiation potential produced purely by the deflection of the beam, satisfying

r2jR ¼ 0 in Dp; (19a)

@jR

@r
¼

@w

@t
cos y at r ¼ Rc; (19b)

rjR



 

! 0 at infinity: (19c)

Similarly, the solution is

jR ¼ �
@wðx; tÞ

@t

R2
c

r
cos y: (20)

Because Rc=R051; the linearized Bernoulli’s equation P ¼ �r0@F=@t � r0gw is used to find the dynamic pressure on

the beam (note that static buoyancy and gravity cancel each other out). The fluid force per unit length is then obtained

by integrating pressure P on the beam surface,

f ðx; tÞ ¼

I
CðxÞ

Pðx; y; z; tÞnz dlðxÞ ¼ �r0

I
CðxÞ

@jb

@t
þ

@jD

@t
þ

@jR

@t
þ gw

� �
nz dlðxÞ; (21)
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where
H

CðxÞ

ð�Þnz dlðxÞ is the contour integral at section C(x), and nz is the z-component of directional cosine of the unit

normal of the body surface. Substituting Eqs. (15), (18) and (20) into Eq. (21), we obtain

f ðx; tÞ ¼ pr0R
2
c _nþ pr0R

2
c _n� pr0R

2
c

@2w

@t2
� 2r0Rcgw ¼ 2ma _n� ma

@2w

@t2
� bw; (22a)

where ma ¼ pr0R
2
c is the added mass of a circular section in water. The first term on the right-hand side of Eq. (22a)

is the bubble-induced force without the diffraction effect being considered. The second term is caused by the

diffraction effect. They are identical here. In a general case, however, they are not necessarily identical. The third

term is the radiation force caused by the beam motion. The fourth term is the buoyancy change caused by heaving of

the beam.

Eq. (22a) can be generalized to beams of any cross-sectional shape if similar procedures as above are followed. After

lengthy algebra, we obtain

f ðx; tÞ ¼ r0As _nþ ma _n� ma
@2w

@t2
þ r0Bgw ¼

h

2
_n� ma

@2w

@t2
� bw; (22b)

where As is the cross-sectional area, B is the width of the beam at the waterline; ma is still the added mass, which will

take on different values for different cross-sectional shapes. For a square cross-section, ma ¼ 4.754a2, where a is the

half-width of the square. For cross-sections of general shape, numerical methods are needed to find the added mass

(Daidola, 1984; Newman, 1978). A similar equation was obtained by Hicks (1986) by use of a slightly different

approach. When a numerical method is applied, the above-mentioned free surface effect should be properly taken into

consideration.

2.3. Fluid–beam interaction equation

Because plastic deformation is much larger than elastic response, it is customary in plastic analysis to neglect elastic

deformation (Jones, 1989). Then we suppose the beam is made from a rigid, perfectly plastic material as shown in Fig. 4.

The transverse force equilibrium and moment equilibrium equations for a straight beam are

@Q

@x
¼ �f ðx; tÞ þ m0

@2w

@t2
(23)

and

Q ¼
@M

@x
; (24)

where M and Q denote the bending moment and shear force, respectively, and m0 is the mass density per unit length of

the beam. The influence of rotational inertia, gravitational effects and transverse shear effects are neglected, while the

strains are assumed to remain small (Jones and Wierzbicki, 1987).
Rigid, perfectly 

plastic material 

Elastic, perfectly 

plastic material 

Strain ε 

St
re

ss
 σ

 

σ0 

Unloading path 

Reloading path 

Fig. 4. Elastic, perfectly plastic and rigid, perfectly plastic uniaxial stress–strain idealization.
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Substituting Eq. (22b) into Eq. (23) gives

@Q

@x
¼ �h_nþ ðm0 þ maÞ

@2w

@t2
þ bw ¼ gðxÞ _qðtÞ þ m

@2w

@t2
þ bw; (25)

where

gðxÞ ¼
hR0

ðR2
0 þ x2Þ

3=2
and _qðtÞ ¼ �

d

dt
ðB2 _BÞ; (26)

m ¼ m0 þ ma is the equivalent mass including hydrodynamic effects. The boundary conditions at the ends x ¼ �L and

L of a beam of length 2L are

Q ¼ 0 and M ¼ 0: (27)

The axial force is zero at the beam end and remains small everywhere else in the beam. Therefore, the present classical

beam equations are believed to be valid in the range of moderately large deflection (Jones, 1989).

The beam response is composed of three phases. During the first phase, as the load increases, internal stresses build

up in the beam while it is accelerating as a rigid body. Up to the point when the bending moment somewhere in the

beam reaches the critical bending moment M0, a plastic ‘‘hinge’’ forms at the failure point and the second phase of

motion begins. During the second phase of motion, plastic deformation accumulates until the point when the plastic

deformation rate becomes zero. During the third phase of motion, the bending moment is smaller than the limiting

moment, and the plastic deformation rate is zero. The beam that is plastically deformed is either accelerating or

decelerating as a rigid body.
2.3.1. First phase of motion: rigid-body motion

During the first phase, the beam is accelerating as a rigid body with uniform displacement wðx; tÞ ¼ W 0ðtÞ governed

by the following equation:

@2M

@x2
¼

@Q

@x
¼ gðxÞ _qðtÞ þ m €W 0 þ bW 0: (28)

Integrating the above equation spatially gives

Q ¼ _qðtÞ

Z x

�L

gðxÞdx þ ðx þ LÞðm €W 0 þ bW 0Þ ¼ _qðtÞ

Z x

�L

hR0

ðR2
0 þ x2Þ

3=2
dx þ ðx þ LÞðm €W 0 þ bW 0Þ

¼
h _qðtÞ

R0

xffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
0 þ x2

q þ
Lffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

R2
0 þ L2

q
2
64

3
75þ ðx þ LÞðm €W 0 þ bW 0Þ: ð29Þ

Setting the shear force to zero ðQ ¼ 0Þ at the middle of the beam ðx ¼ 0Þ; where the bending moment is taken to be a

maximum, gives the solution to the rigid body motion, that is,

m €W 0 þ bW 0 ¼ �
h _qðtÞ

R0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
0 þ L2

q : (30)

Integrating Eq. (29) one more time with respect to x gives

M ¼
h _qðtÞ

R0

Z X

�L

xffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
0 þ x2

q þ
Lffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

R2
0 þ L2

q
2
64

3
75dx þ

1

2
ðx þ LÞ2ðm €W 0 þ bW 0Þ

¼
h _qðtÞ

R0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
0 þ x2

q
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
0 þ L2

q
þ

Lðx þ LÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
0 þ L2

q
2
64

3
75þ

1

2
ðx þ LÞ2ðm €W 0 þ bW 0Þ; ð31Þ
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where the boundary conditions were applied. The moment at the mid-span is given from the above equation by

setting x ¼ 0

M 0 ¼
h _qðtÞ

R0
R0 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
0 þ L2

q
þ

Lffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
0 þ L2

q
2
64

3
75þ

1

2
L2ðm €W 0 þ bW 0Þ: (32)

Introducing Eq. (30) into Eq. (32), we have

M 0 ¼
h _qðtÞ

R0
R0 �

L2 þ 2R2
0

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
0 þ L2

q
2
64

3
75: (33)

When M 04M0; a plastic hinge is formed at the middle of the beam.

2.3.2. Second phase of motion: plastic response

The governing equation for plastic deformation is

@2M

@x2
¼

@Q

@x
¼ gðxÞ _qðtÞ þ m €w þ bw: (34)

It is assumed that in addition to the rigid-body motion, there is a relative deformation of the beam expressed as

wðx; tÞ ¼ W 0ðtÞ þ W 1ðtÞX ðxÞ; (35)

where the amplitude W0 and W1 are unknown functions of t and X is a function of x. In view of the symmetric shape of

the external dynamic pressure distribution acting on the beam, only the left half-beam is considered. It is assumed that

the deformation of the left half-beam is of the form

X ¼
x þ L

L
; �Lpxp0: (36)

Substituting Eqs. (35) and (36) in Eq. (34), and then integrating spatially gives

Q ¼
h _qðtÞ

R0

xffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
0 þ L2

q þ
Lffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

R2
0 þ L2

q
2
64

3
75þ ðx þ LÞðm €W 0 þ bW 0Þ þ

ðx þ LÞ2

2L
ðm €W 1 þ bW 1Þ; (37)

M ¼
h _qðtÞ

R0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
0 þ x2

q
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
0 þ L2

q
þ

Lðx þ LÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
0 þ L2

q
2
64

3
75þ

ðx þ LÞ2

2
ðm €W 0 þþbW 0Þ þ

ðx þ LÞ3

6L
ðm €W 1 þ bW 1Þ: (38)

Applying the conditions M ¼ M0 and Q ¼ 0 at x ¼ 0; we have

ðm €W 0 þ bW 0Þ þ
1

2
ðm €W 1 þ bW Þ1 ¼ �

h _qðtÞ

R0

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
0 þ L2

q ; (39a)

ðm €W 0 þ bW 0Þ þ
1

3
ðm €W 1 þ bW Þ1 ¼

2M0

L2
�
2h _qðtÞ

L2
1�

R0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
0 þ L2

q
2
64

3
75: (39b)

Solving the above equations we have

m €W 0 þ bW 0 ¼
6h _qðtÞ

R0L
2

�R0 þ
L2 þ 3R2

0

3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
0 þ L2

q
2
64

3
75þ

6M0

L2
; (40a)

m €W 1 þ bW 1 ¼ �
12h _qðtÞ

R0L
2

�R0 þ
L2 þ 2R2

0

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
0 þ L2

q
2
64

3
75�

12M0

L2
: (40b)
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The beam reaches its permanent plastic deformation when _W 1 ¼ 0: Note that W0 in Eq. (40a) accounts for the rigid-

body motion at the stage of the second phase of the motion only. To obtain the total rigid-body motion, the final stage

of the first phase of motion (displacement and velocity) should be used as initial values for the rigid-body motion at the

second stage of motion.

2.3.3. Third phase of motion: rigid-body motion

Plastic deformation ceases but the rigid-body motion continues. Because bubble forces still act on the beam at this

stage, the rigid-body motion is an accelerated or decelerated displacement similar to the first phase of motion. The

motion at this stage is again described by Eq. (30) with the displacement and velocity at the end of the second stage of

motion as initial values.

2.4. The fourth-order Runge–Kutta solution

Eqs. (30) and (40) govern the whole process of the motion. The equations can be analytically solved using the Laplace

transform, but the solution is lengthy. We turn to numerical methods, say the fourth-order Runge–Kutta method,

which is easy to implement. Let

U1 ¼ t; U2 ¼ W 0; U3 ¼ _W 0 ¼ _U2; U4 ¼ W 1; U5 ¼ _W 1 ¼ _U4: (41)

Then

dU1

dt
¼ 1;

dU2

dt
¼ U3;

dU3

dt
¼ V1;

dU4

dt
¼ V2;

dU5

dt
¼ V3; (42)

where for the first and third phases (rigid-body motion),

V1 ¼ �
1

m

_qh

R0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
0 þ L2

q þ bU2

0
B@

1
CA; V2 ¼ V3 ¼ 0; (43)

and for the second phase (plastic deformation)

V1 ¼ �
1

m

6 _qh

R0L
2

L2 þ 3R2
0

3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
0 þ L2

q � R0

2
64

3
75þ

6M0

L2
� bU2

8><
>:

9>=
>;; (44a)

V2 ¼ U5; V3 ¼ �
1

m

12 _qh

R0L
2

L2 þ 2R2
0

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
0 þ L2

q � R0

2
64

3
75þ

12M0

L2
þ bU4

8><
>:

9>=
>;: (44b)

Eq. (42) is a set of ordinary differential equations, a form suitable for the Runge–Kutta method. Because it can be

found in most of books on numerical analysis, the Runge–Kutta method is not elaborated further in this paper.
3. Numerical results and discussions

As a first example, we consider a bubble of initial radius B0 ¼ 0:75m and initial pressure P0 ¼ 4:5� 107 N=m2; the
charge depth is 45m. The results obtained from Eqs. (7) and (8) are shown in Fig. 5 with solid lines, and the results

given by Vermon (1986) are shown with dashed lines. Both are in good agreement.

In the second example, we consider a beam of circular section, whose radius is Rc ¼ 3m and length is L ¼ 30; 40 and
50m, subjected to an explosion bubble with initial radius B0 ¼ 8m and initial pressure P0 ¼ 1:0� 105 N=m2: The
submergence of the bubble is R0 ¼ 40m. Material parameters for the beam are: M0 ¼ 3:588� 106 Nm; ma ¼

28274:3kg=m; and As ¼ 28:27m2:
Fig. 6 shows the time histories of the bubble radius and the force acting on the mid-span of the beam. The bubble

radius decreases from its maximum value at the beginning to its minimum value at around t ¼ 0:4 s: This is the process
referred to as ‘‘bubble collapse’’ by some authors. During the process, the bubble radius decreases, but the pressure

inside the bubble increases fast. Thus the force acting on the mid-span of the beam increases as the bubble radius

decreases. Note that for most of the time while the bubble is collapsing the force is negative, because the bubble



ARTICLE IN PRESS

Vermon (1986)

0.5

1

1.5

2

2.5

3

3.5

4

4.5

5

5.5

0 0.1 0.2 0.3 0.4 0.5 0.6

Present paper

B
ub

bl
e 

ra
di

us
 (

m
)

Time (s) 

Fig. 5. Comparison of the bubble radius calculated from present paper and Vermon (1986).

-2

0

2

4

6

8

10

12

14

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

1

2

3

4

5

6

7

8

9

P
re

ss
ur

e 
at

 m
id

-s
pa

n 
(M

pa
) 

B
ub

bl
e 

ra
di

us
 (

m
)

Time (s) 

Bubble 
radius 

Fig. 6. Time histories of bubble radius and force acting on the mid-span of the beam.
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contracts and surrounding water flows towards the bubble. After reaching its minimum radius at around t ¼ 0:4 s; the
pressure inside the bubble is so large that the bubble ‘‘rebounds’’. The radius then increases with time. During the

rebounding process, the force acting on the beam decreases fast to values below zero.

It should be pointed out that Fig. 6 is similar to Fig. 2.1 from Smiljanic et al. (1994). However, in the latter figure p(t)

is the pressure inside the bubble but not the hydrodynamic pressure at the ship mid-span as in the present paper. This

question is solved by noting that the pressure inside the bubble is the same as that on the interface of the bubble and the

immediately surrounding water. Because water is assumed incompressible (all disturbances sweep over the fluid domain

immediately) and the bubble is the dominant exciting source, the pressure all over the fluid field would exhibit the same

dynamic features of the exciting source (the bubble). Therefore, it is not strange that Fig. 6 is similar to Fig. 2.1 from

Smiljanic et al. (1994).

The time history of the rigid-body motion is shown in Fig. 7 (a) and that of the plastic deformation is shown in

Fig. 7(b). In terms of the rigid-body motion shown in Fig. 7(a), the beam is first attracted to the bubble. At

approximately 0.4 s, the beam suddenly changes its motion direction and moves away from the bubble. Relating this to

the bubble motion in Fig. 6, we may obtain an overview of the complete behaviour. As the bubble contracts, the fluid

flows toward the bubble, so the beam also moves to the bubble. Meanwhile, the pressure inside the bubble builds up. At

around 0.4 s, the pressure inside the bubble is so high that it exerts a large force on the surrounding fluid. The bubble

then begins expanding. The fluid transmits a large force to the beam. Under the sudden action of the force, the beam

moves from the bubble. The bubble and beam motions are related in the following ways: as the bubble contracts, the

beam moves towards to the bubble. As the bubble expands, the beam moves away from it.

In terms of the plastic deformation shown in Fig. 7(b), the beam begins a plastic deformation from t ¼ 0:4 s; the time
at which the pressure inside the bubble is big. The plastic deformation features a short duration (about 0.2 s) and a

sharp rise.
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Fig. 8 shows the dependence of plastic deformation on beam length and bubble submergence. It is interesting to note

that shorter beams have smaller plastic deformations than longer beams. This is reasonable if we consider the following

two extreme cases. If the beam is infinitely long, only plastic deformation will be induced. If the beam is very small,

only rigid-body motion will be produced. As the beam length increases, the beam becomes more vulnerable to

plastic deformation.
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The above observation can be further clarified by comparing the ratio of maximum plastic deformation over

maximum rigid-body motion as shown in Fig. 9. For all the submergences considered here, the above ratio approaches

unity as the beam length increases.

The available data on the amount of plastic deformation of a hull girder subjected to an underwater bubble are rare.

It seems that only Keil (1961) provided limited information on it. He provided two such cases, in which the amount of

the plastic deformation are about 0.15m and 0.6m, respectively. The predictions in this paper are within the range.
4. Discussion and conclusions

In this paper, a fluid–structure interaction analysis has been presented leading to the equations governing the

dynamic plastic response of a floating free–free beam subjected to an underwater bubble. The solution procedure is

characterized by decomposing the physical dynamic process into three phases. In phase I, forces build up in the beam.

When the forces in the beam are large enough to exceed the limiting moment of the section, plastic deformation sets in

and phase II is initiated. In this phase, both rigid-body motion and plastic deformation are present. When the velocity

of plastic deformation is zero, plastic deformation ceases and phase III begins, in which only rigid body motion is

considered. Our focus is, however, on phase II to estimate the amount of damage.

Even though the method provided here does not account for the effect of nonuniform cross-sections in the

longitudinal direction, the information provided by the method is still useful in the sense (i) that it provides an estimate

of the order of the plastic deformation or damage; (ii) that it relates the most dominant factors for the damage; and

(iii) that it provides simple benchmark examples for comparison with more complicated numerical methods.

Extension of the method to general cases (such as nonuniform real ship and the asymmetry of the bubble-produced

force) is straightforward in terms of the governing equations. But the difficulty lies in the solution, because the

prominent difference in a general case is the possible existence of double hinges. Rigid-body motions such as heave and

pitch are not difficult to handle because the extensive studies of ship motions in waves over the past four decades have

provided a sound solution to the problem. The key step in extending the method is to determine the conditions when a

single plastic hinge is formed and when a double hinge is formed.

The most severe assumption is that the radial flow near a bubble is approximated by a planar flow near the beam. The

assumption holds true only when the beam is far away from the bubble and the maximum lateral dimensions of the

beam are much smaller than the standoff distance. This assumption can be justified if it is compared with the sunlight.

The sun is a point source of light if seen from the earth, but the light on the earth can be viewed as a series of plane

waves, as we often do in the framework of Newtonian mechanics, due to the fact that the sun is far away from the earth.

Another important approximation is the neglect of the bubble–beam interaction. Only the effect of the bubble on the

beam is considered, but the effect of the beam on the bubble is neglected. Again this approximation holds true only if

the standoff distance is large. When the bubble is near the structure, their interaction must be considered. It can be

expected that in the presence of such interaction, the bubble would no longer be spherical. We argue, however, that the

primary effect caused by the bubble is considered in the above model based on multipole expansion of the Laplace

equation. The singular solutions to the Laplace equation are of increasing singularity with distance, such as

1=r; ðcos y; sin yÞ=r2; :::: As the distance r increases, higher-order terms become less and less important, and the

dominant contribution comes from the leading order term 1=r; which is the case treated here.
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To remove the above two approximations, a more complicated and computationally intensive fluid–structure

interaction model is needed. To the best of our knowledge, such a model is not available yet. We may, however,

evaluate the effects of these assumptions on the accuracy of the final results before we go ahead with more complicated

computer models.

The effect of the first assumption can be estimated from Eq. (15). The essence of the assumption is to replace the

directional cosine by 1 ðcos y � 1Þ: Because in a more accurate model, the factor cos y is always present, the force is

expected to be smaller in absolute value than that predicted by the current method. In other words, the current method

overestimates the force acting on the beam. Because plastic deformation is caused by the nonuniformity of the force

distribution along the beam and rigid-body motion is caused by the force magnitude, it is inferred that introduction of

this assumption might overestimate the rigid-body motion, but not necessarily overestimate the plastic deformation.

Let us consider the second assumption. Suppose the influence of the beam on the bubble is not neglected. Then the

bubble is no longer spherical. If the bubble is not spherical, a jet directed towards the beam can be formed. This jet can

produce a high impact force. So neglecting this jet, or introduction of the assumption that one may ignore the beam

effect on the bubble will underestimate the force acting on the beam.

It is expected that this analysis can provide a preliminary prediction of the effect of an underwater bubble on

structures, and stimulate more detailed and thorough investigation of the problem.
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